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r~| ■ We study the lightlike foliations that appear on Lorentzian manifolds with weakly 

irreducible not irreducible holonomy algebra. We give global structure equations for the 
foliation that generalize the Gauss and Weingarten equations for one lightlike hypersur- 
face. This gives us some global operators on the manifold. Using these operators, we 
decompose the curvature tensor of the manifold into several components. We give a cri- 
teria how to find the type of the holonomy algebras (there are 4 possible types) in terms 
■ of the global operators. 
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Introduction 



Weakly irreducible not irreducible holonomy algebras of Lorentzian manifolds were classified 
recently. In |3] L. Berard Bergery and A. Ikemakhen divided these holonomy algebras into 4 
types and associated to each such algebra a subalgebra of so(n) that is called the orthogonal 
part (the dimension of the manifold is n + 2). In EH] T. Leistner proved that the orthogonal 
part of the holonomy algebra of a Lorentzian manifold is the holonomy algebra of a Riemannian 
manifold. We recall this classification in section El 

If the holonomy algebra of a connected Lorentzian manifold M is weakly irreducible and not 
irreducible (i.e. it preserves an isotropic line and does not preserve any nondegenerate vector 
subspace of the tangent space), then we obtain on M a parallel distribution D of isotropic 
lines and the distribution D x of degenerate hypersubspaces of the tangent spaces. The distri- 
bution D 1 - is parallel and, in particular, it is involutive. This gives us a foliation in lightlike 
hypersurfaces. 
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Our purpose is to describe the geometry of Lorentzian manifolds with weakly irreducible not 
irreducible holonomy algebras of each type and with each orthogonal part in terms of the 
foliation in lightlike hypersurfaces. There were some approaches to study geometry of these 
manifolds in local coordinates, see O HH IH1 El E| • We hope that our approach can give some 
global description. 

The case of one lightlike hypersurface of a Lorentzian manifold was studied, for example, in jB]. 
In section ^ we recall some results from this book. Note that in order to obtain a connection 
on a lightlike hypersurface M of a Lorentzian manifold M we must choose a distribution 
(a screen distribution) S(TM) C TM that is any complement distribution to TM 1 - C TM 
or, equivalently, choose a complementary isotropic vector bundle (a transversal vector bundle) 
tr(TM) to TM C TM\m- Such choice is not always canonical. Some approaches to a canonical 
choice of S(TM) (equivalently of tr(TM)) can be found in j^j. 

In the beginning of section El we rewrite the structure equations from [B] for one hypersurface 
of the foliation. Since we have not one lightlike hypersurface but a foliation in lightlike hy- 
persurfaces, it is natural to have global structure equations. Such equations can be obtained 
by choosing a global screen distribution (or transversal bundle), the existence of the last is 
guaranteed by theorem ^ From the global equations we obtain some operators on M (which 
depend on the choice of the screen distribution). These operators generalize the operators for 
one hypersurface from 

A global screen distribution gives us a decomposition of the tangent space of M at each point. 
The same decomposition was used in i7j in order to decompose the curvature tensor at a point 
into several components, see section^ Knowing these components at each point of the manifold, 
we know the type of the holonomy algebra. In section |S] we consider these components for the 
curvature tensor of the manifold M and express them in terms of the global operators that we 
have defined. 

In section |B] we give a criterion how to find the type of the holonomy algebra in terms of our 
global operators. First we distinguish holonomy algebras of type 2 and 4 from the holonomy 
algebras of type 1 and 3. Then we give criterions for holonomy algebras of type 3 and 4. 

Finally we consider a local example, where the holonomy algebra is Abelian. 

Another open problem is to find a canonical way of choosing the screen distribution. 

Acknowledgments I would like to thank Helga Baum for the theme proposed to me and for the 
useful discussions during October-December 2004. 
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1 Case of one lightlike hypersurface of 
a Lorentzian manifold 



In this section we recall some results from 

Let (M, g) be a connected Lorentzian manifold of dimension n + 2 and let M C M be a lightlike 
hypersurface of M, i.e. the restriction of g x to T X M is degenerate for all x G M. Since T X M is 
degenerate, the perpendicular T X M^ to T^M in T X M is an isotropic line, which is contained in 
T X M. We get on M the vector subbundle TM ± = U xeM T x M ± of TM. 

In order to obtain a connection on M we fix a complementary vector bundle S(TM) of TM ± 
in TM. We have 

TM = S(TM)®TM ± . (1) 

If M is paracompact, S(TM) always exists. The distribution S(TM) C TM is called a screen 
distribution. 

Since any maximal isotropic subspace of T X M is 1-dimensional, we see that the distribution 
S(TM) is not degenerate. Hence we obtain the decomposition 

TM\m = S(TM) © S(TM) L , (2) 

where S(TM) ± is the orthogonal complementary vector bundle to S(TM) in TM\m- 

In jH] it was proved that for a given screen distribution S(TM) there exists a unique vector 
bundle tr(TM) of rank 1 over M, such that for any non-zero section £ of TM X on a coordinate 
neighborhood U C M, there exists a unique section iV of tr(TM) on U such that 



g(£, N) = 1 and g(N, N) = g(N, W) = for all W G r(5(TM) 



The vector bundle tr(TM) is called the lightlike transversal vector bundle of M with respect to 
S(TM). We have the following decompositions of TM\m'- 

TM\ M = S(TM) © (TM 1 - © tr(TM)) = TM © tr(TM). (3) 

Suppose that we have a screen distribution on a lightlike hypersurface M of a Lorentzian 
manifold (M,g). Using the second form of the decomposition (J3J), we obtain 

V X F= VxF + h(X,Y) (4) 
er(TAf) er(tr(TAQ) 

and 

VxV = ^AyX / + V X V (5) 

er(TM) er(tr(TM)) 
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for any X,Y G T(TM) and V G T(tr(TM)). It is known that V is a torsion-free linear connec- 
tion on M, his a r(tr(TM))-valued symmetric jF(M)-bilinear form on Y(TM), Ay : T(TM) — > 
r(TM) is a ^(M) -linear operator and V* is a linear connection on the vector bundle tr(TM). 
The connections V and V* are called the induced connections on M and tr(TM) respectively. 
The bilinear form h and the operator Ay are called the second fundamental form and the shape 
operator respectively. The formulas (j3J) and (jSj) are called the Gauss and Weingarten formulas 
respectively. 

Using decomposition (JTJ), we obtain 

V X Y= VxY +h(X,Y) (6) 
er(S(TM)) e r(TA^) 

and 

V X U = ^-Af/X + V X U (7) 

er(S(TM)) e r(TM-L) 

for any X G Y{TM), Y G V{S{TM)) and f/ G r(TM ± ). We have that V and V are linear 
connections on vector bundles S{TM) and TM 1 - respectively, h : T(TM) x T(S(TM)) — > 
r(TM x ) is a J r (M)-bilinear form and A v : T(TM) -> T(S(TM)) is a J r (M)-linear operator. 
The bilinear form h and the operator Ay are called the second fundamental form and the shape 
operator of the screen distribution S(TM) respectively. The equations © and (J7|) are called 
the Gauss and Weingarten equations for the screen distribution respectively. 

Let R and R be the curvature tensors for the connections V and V respectively. Then for 
X, Y, Z G r(TM) we have 

R(X, Y)Z = R(X, Y)Z + A h{x>z) Y - A h{Y ,z)X + (V x h)(Y, Z) - (V Y h)(X, Z), (8) 

where 

(Vxh)(Y, Z) = V x (h(Y, Z)) - h(V x Y, Z) - h(Y, V X Z). 
The equation (jHJ) is called the Gauss- Codazzi equation. 



2 Global structure equations 

Now consider a case when we obtain a foliation of lightlike hypersurfaces on a Lorentzian 
manifold. 

Suppose that the holonomy group of a connected n + 2-dimensional Lorentzian manifold (M, g) 
is weakly irreducible and not irreducible, i.e. for any x G M the holonomy group Hol x C 
0(T x M, g x ) preserves an isotropic line of T X M and does not preserve any nondegenerate vector 
subspace of T X M. Then we obtain on M a parallel distribution D of isotropic lines. Since 
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Hol x C 0{T x M ,g x ), we see that the perpendicular C T X M is also preserved. Obviously, 
D x C -D^ - , dim/)- 1 = n+1 and the subspace D 1 - is degenerate. We obtain a parallel distribution 
D 1 - on M. It is known that the distributions D and D -1 are smooth. Denote D 1 - by T, then 
D = T -1 . Since the torsion of the Levi-Civita connection is zero, for any X, Y G T(T) we 
have [X, Y] = V xY — VyX G T(T), hence the distribution T is involutive. By the Frobenius 
theorem, for any point x G M we have a maximal integral manifold Mj. of the distribution 
T. Obviously, M x C M is a lightlike hypersurface. Thus we obtain a foliations of lightlike 
hyper surf aces on M. 

Let x G M. We will rewrite the above formulas for the lightlike hypersurface M x C M. Suppose 
that we have some screen distribution S(TM X ). Since the distribution T is parallel, from (Q) 
we obtain 

V X Y = V X Y G T(TM X ) (9) 

for all X, Y G r(TM :c ), i.e. /i = 0. 

The equations (0) and (JBJ) remain without change. From (|ZJ) we obtain 

V X C7 = V X U G r(TM^) (10) 

for all X G r(TM r ), C/ G r(TM^), i.e. A = 0. 

Since h = 0, from (jHJ) it follows that for X, Y, Z G r(TM x ) we have 

R(X,Y)Z = R(X,Y)Z. (11) 

Since we have a foliation of lightlike hypersurfaces, it is natural to construct a global screen 
distribution and the corresponding transversal bundle. 

Theorem 1 For the distribution T L there exists on M a (not unique) distribution Tr of rank 
1 that satisfies the condition: for any £ G r(T ± ) nonzero at all points of some open set U C M, 
there exists a unique section N G F(Tr\u) satisfying g(N, N) = and g(£, N) — 1 on U. 

Proof. In |llj it was proved that locally there exist coordinates + such that the 

metric g has the form 

n 

g = 2dx°dx n+1 + 9ijdx l dx j + f ■ (dx n+1 ) 2 , 

where gij are functions of x 1 , x n , x n+l and / is a function of x°, x n , x n+l . For all x from this 
coordinate neighborhood we have = M(^o) a . and we choose Tr x = R(— |/(gfo)x + ( g-f+i 
Thus on some neighborhood of each point x G M we obtain a distribution that satisfy the 
theorem. We assume that M is paracompact, then we have a locally finite open covering (Ui) ie j 
of M, where Ui are coordinate neighborhoods as above. On each Ui we have a distribution 
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Tri that satisfy the theorem. Let (fi)iei be a partition of unity for the covering 
Let x G M. Since (J7j)j 6 j is locally finite, the point x is contained in a finite number of 
the open sets U^, U im , where ii,...,i m G J. Let V = U\ x fl ... PI f/ im . Let £ G r(T ± ) be 
any section nonzero at all points of V. Then for each 1 < k < m there exists a unique 
N ik G T{Tr ikWi ) with = 1 on V. For N = f h N h + ■■■ + f im N im - h£, where 

2h = g(f h N h + - • • + f^N^J^Ni, + ■■■ + f im N im ), we have g(N, N) = and 



m, N) = g(Z, f h N h + ■■■ + f im N im ) = f h g{£, N h ) + --- + f tm g{t N im ) = f h + ■ ■ ■ + f im = 1. 

For any y G V we define Tr y as Tr y = ~RN y . We do this for all x G M and obtain a distribution 
Tr on M. Obviously, Tr is well defined on M and satisfies the theorem. □ 

We see that the vector subspace © Tr x C T X M is nondegenerate, hence the orthogonal 
complement S x = (T^r ©Tr^.)- 1 C T X M is an Euclidean subspace. Hence the restriction of g on 
the distribution S = (T 1 - © Tr) 1 - C TM is positively definite. We have 

T = S®T ± (12) 

and 

TM = S © (T 1 - © Tr) = T © Tr. (13) 

Let Mj, C M be an integral manifold of T through x G M, then S(TM X ) = S\m x is a screen 
distribution on M x and tr(TMj.) = Tt\m x is the corresponding transversal bundle on M x . 

Now we can generalize the operators V, Ay, V*, h, V and V . 
Since the distribution T 1 - is parallel, we have 

V W Y = V W Y G r(T) (14) 

Using the second form of the decomposition (|13|h we obtain 

v^y = -A V W+ W l w V (15) 
er(T) 6 r(Tr) 

for any G T(TM), Y G T(T) and V G T(Tr). It can be proved that V is a linear connection 
on the bundle T, Ay : T(TM) — > T(T) is a J-"(M)-linear operator, and V* is a linear connection 
on the vector bundle Tr. We call V and V* the induced connections on T and Tr respectively. 
We call Ay the shape operator of M with respect to the screen distribution S. 

Using decomposition (JUj), we obtain 

V W Y = V w Y + h(W,Y) (16) 
er(S) er(T-L) 

and 

V W U = V W U G T(T X ) (17) 
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for any VF G T(TM), K G r(S f ) and £/ G r(T ± ). It can be proved that V and V are linear 
connections on vector bundles S and T 1 - respectively, h : T(TM) x T(S) — » r(T ± ) is a T{M)- 
bilinear form. We call h the second fundamental form of the screen distribution S. 

For a hypersurface the operators V, Ay, V*, /i, V and V can be obtained from the defined 
above by taking the obvious restrictions. Restricting to M x (|14j) . (|15J1 . and (|17|) we obtain 
©, ©, © and dHJ respectively 

Let V G T(Tr). We have g(V,V) = 0, hence for any W G T(TM) holds g(V w V, V) + 
g(V, V W V) = and 

g(V w V,V) = 0. (18) 
From Jinj) we obtain g(-A v W + V^V, V) = 0. Thus, 

g(A v W,V) = 0. (19) 

This means, that Ay takes values in r(S'). Thus we can consider Ay as 

Ay : T(TM) -> T(S). (20) 

By analogy, for any Y G r(S') and V G T(Tr) we have <?(Y, V) = 0, hence for any W G F(TM) 
holds g(V w y, V) + ^(Y, V W V) = 0. Using (fTH jl and (fTSjl. we obtain 

^(/i(VU,F),V) = ^ y W,y) (21) 

for all W G r(TM), K G T(S) and y G T(Tr). Hence Ay and ft, can be found from each other. 

3 Weakly irreducible not irreducible holonomy algebras 
of Lorentzian manifolds 

Let (R 1 ' r * +1 , rj) be a Minkowski space of dimension n+2, where r\ is a metric on IR n+ of signature 
(1, n + 1). We fix a basis [7, Xl, X n , V of R 1,n+1 with respect to which the Gram matrix of 
/ 1 ^ 

where E n is the n-dimensional identity matrix. 



rj has the form 



E n 
Vl Oy 



A subalgebra g C so(l, n+ 1) is called irreducible if it does not preserve any proper subspace of 
j£i,n+i. g j g ca u ec [ weakly irreducible if it does not preserve any nondegenerate proper subspace 
of ]R 1,?1+1 . Obviously, if q C so(l,n + 1) is irreducible, then it is weakly irreducible. If q C 
so(l, n + 1) preserves a degenerate proper subspace C E 1,n+1 , then it preserves the isotropic 
line WnW 1 . 
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From the classification of M. Berger (see pQ) it follows that the only irreducible holonomy 
algebra of Lorentzian manifolds is isomorphic to so(l,n + 1), so we consider only the case of 
weakly irreducible not irreducible holonomy algebra. 

Let (M,g) be an n + 2-dimensional connected Lorentzian manifold with weakly irreducible 
not irreducible holonomy algebra. Let x G M. We identify (T x M,g x ) with (R 1 '" ,+1 , rj). We 
assume that the subalgebra fjo t C so(l,n+ 1) corresponding to the holonomy algebra t)ol x C 
So(T x M, g x ) preserves the isotropic line M.U, i.e. hot is contained in the subalgebra so(l, n+l) m 
of so(l, 7j+ 1) that preserves the line Rf7. Above we had a decomposition T X M = T x @S x @Tr x . 
We assume that X±, X n correspond to a basis of S x and V corresponds to a vector of Tr x . 

The Lie algebra so(l, n + 1)mu can be identified with the following algebra of matrices: 



50(1,71+ 1)] 



( a X 

A -X 1 
\ -a 



\ 



J 



■. a g R, X el", Ae so(n) 



Let P) C 50 (n) be a subalgebra. Recall that f) is a compact Lie algebra and we have the 
decomposition () = ()'© 3(f)), where f)' is the commutant of f) and 3(f)) is the center of f}. 

The following result is due to L. Berard Bergery and A. Ikemakhen. 

Theorem Suppose f)ot C so(l,n+ 1)mu is a weakly irreducible holonomy algebra. Then i)ol 
belongs to one of the following types 



type 1. Piot 1 '" 

bra; 

type 2. Pjot 2 ' 11 



( a X 

A 

\ 

/ 



\ 

-X 1 
—a 



a G R, X G R n , A G f) >, w/iere f) C so(n) is a subalge- 



X 





A 










( <P(B) 


X 



type 3. Pjof 



V 








A + B 




X G 







A G f) 



A G R n , Aei)', B G 3(h) >, w/iere^ : h 



0; 



type 4. hoi' 



zs a non-zero linear map with (p\ty 

{ ( A i){B) 
A + B -X* 

-V>(£)' 

[ \ 



X G R ni , AG h',5G3(h) 



> , where we 



J 



have a non-trivial decomposition n = n\ + ri2 such that h C so(ni); and : h 
surjective linear map with =0. 



is a 
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The subalgebra f) C so(n) associated to a holonomy algebra in the above theorem is called the 
orthogonal part of the holonomy algebra. In jTOJ |5] T. Leistner proved the following theorem 

Theorem The orthogonal part of the weakly irreducible not irreducible holonomy algebra of a 
Lorentzian manifold is the holonomy algebra of a Riemannian manifold. 



4 Decomposition of an abstract curvature tensor 



In this section we use the notations of section El We recall the decomposition of a curvature 
tensor for the holonomy algebras given in [7j. 

Let W be a vector space and f C gl(VF) a subalgebra. The space of curvature tensors for the 
Lie algebra f is defined as follows 

Tl(f) = {Re Hom(W®W, f) : R(u, v) = -R{v, u),R(u, v)w+R(v, w)u+R(w, u)v = for all u,v,w G W}. 

Suppose that the holonomy algebra of M is of type 1, i.e. f)ol = fjol 1 '^ for some P) C so(n). 
Let R x be the curvature tensor of the manifold M at a point x G M, then R x G 7?.(f)o[ 1 ' f '), 
where x G M (we use the identifications as in section |HJ). Having the decomposition IR 1,n+1 = 
WJ © lR n © M.V, R x can be decomposed into 5 components, R x = R x \ + R X 2 + R X 3 + R X 4 + R x $. 
These components are given by elements 

Rf, G K{fj), P E{P G Hom(R™, fj) : rj{P{u)v, w)+r](P(v)w, u)+r](P{w)u, v) = for all u,v,w G W 1 }, 

T G Hom(R n , R n ) with T* = T, L G Hom(R n , R) and A G R, 
and can be found from the following conditions 
( \ 



Rxi(X,Y) 



R X 2(V,X) 



R x3 (V,X) 



R X 4{u,v) 



J 



J 



R h {X,Y) 

\ 

P(X) 


T(X) 

o o -T(xy 



AO \ 



-A 

L(X) 



-L{X) ] 



R x2 {X,Y) 



f P*(X,Y) \ 

-P*(X,Y) 1 












/ 



R x5 (U,V) 



( o 
o o 

y 



\ 

-L*(iy 
/ 



where all X, Y G M. n . We assume that each R X { is zero on vectors for which R X i was not defined. 

Since any holonomy algebra fjo of any other type with the orthogonal part f) is contained in 
fjol 1 , for the curvature tensor R x G 7^(f)0^) we have R x G IZ^oi 1 ^), and the decomposition 
for R x can be obtained from the above decomposition and the condition that R x takes values 
in f)o[". 

For R x G n(t)ol 2 > h ) we have 

Rxi = Rx5 — and R x = R x i + R x2 + R X 3- (22) 
For R x G TZ^ol 3 '^) we have 

R x4 = : R xl (X,Y) G kery? and i4 5 (V,X)£/ = (f(R x2 (V, X))U for all X,Y e R n . (23) 

For G ftftot 4 ^) we have 

i?x4 = R x5 = 0,R x i(Z ll Z 2 ) G kBr^iWWlH"* = 0, and ^(V^Y = r)(ip(R x2 (V, X)), Y)U 

(24) 

for all Z\ 1 Z 2 G M n and X + F G M ni © M" 2 = M n . 

5 Decomposition of the curvature tensor on a manifold 

In this section we use the notations of section 2. Let x G M. For T X M we have the decompo- 
sition 

T X M = T x L @S x ®Tr x . 

In section 0] we saw that having such decomposition of T X M, we can decompose the curvature 
tensor of M at the point x into 5 components, R x = R x i + R x2 + R x3 + R x ^ + R X 5- Thus we 
have 

R = R x + R 2 + R 3 + R A + R 5 . (25) 
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From the results of section Hit follows that for all U, U x G T(T ± ), X, Y, Z G T(S) and V, V x G 
T(Tr) we have 

R(X,Y)Z = R 1 (X,Y)Z + R 2 (X,Y)Z, (26) 

er(5) er(TJ-) 
#(X,y)C/ = 0, (27) 

£(x, y)y = f? 2 (x, v)y + i? 3 (x, u)y (28) 

er(S) er(T-L) 

i?(X, V)E/ = ^(X, V)?7 G r(T _L ), (29) 

^C/i = £ 4 (E/, V)£/i G T(T ± ), (30) 

R(U, V)V X = R 5 (U, V)Vy + Rt(U, V)Vx, (31) 
er(5) er(Tr) 

Using this we will express ^i, R2, R3, Ri and R5 in terms of the operators that we defined 
above. 

Let X,Y,Z G T(S), then 

R(X, Y)Z = VxV Y Z - VyVxZ - V [x>Y] Z ^ V X V Y Z - VyV x Z - V [X , Y] Z 

^ V X (V Y Z + h(Y, Z)) - Vy(V x Z - h(X, Z)) - V [x ,y]Z - h([X, Y],Z) 
VxVyZ + /i(X, VyZ) + V x (h(Y, Z)) 



- VyV x Z - /i(y V X Z) - V y (/i(X, Z)) - V[x,y]^ - y], Z). 

We have 

[x, y} = v x y - v y x = v x y - VyX = v x y + MX, y) - v y x - J(y, x) . (32) 

Thus, 

fl(X, Y)Z = R(X, Y)Z + (Vjfe) (y £) - (Vyj) (X, g ) - h(h(X, Y) - fr(y X) , Z) , (33) 
er(5) Gr(T x ) 

* * 
where i? is the curvature tensor of the connection V and 

{V x h){Y, Z) = V x {h(Y, Z)) - hfixY, Z) - h{Y, V X Z). (34) 
From ()26|) it follows that 

R X (X,Y)Z = R(X,Y)Z (35) 

and 

R 2 (X, Y)Z= (V x h)(Y, Z) - (V Y h)(X, Z) - h(h{X, Y) - h(Y, X), Z) (36) 
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for all X,Y,Z G T(S). 

Note that from (jS2j) it follows that the distribution S is involutive if and only if 

h(X, Y) = h(Y, X) for all X, Y G T(S). 
From (|21|) we see that this is equivalent to 

g(A v X, Y) = g(X, A V Y) for all X, Y G T(S),V G T(Tr). 

For X, Y G T(S) and V G T(Tr) we have 

R(X, V)Y = VxV v Y - VyVxY - V [xy] Y 1 V X V V Y - V V V X Y - V [X , V] Y 

® V X (V V Y + h(V, Y)) - V V (V X Y - h(X, Y)) - V [xy] Y - h([X, V],Y) 



We have 



1161171 * * * * 

VxVyF + v v y) + V X (A(V, Y)) 

- VvV x Y - h(V, V X Y) - V v (h(X, Y)) - V [X>V] Y - h([X, V],Y). 



[X, V] = V X V - V V X L ^-» -AyX + V X V - V V X - h{V, X). 



Thus, 

R(X, V)Y — R(X, V)Y+ (V x h)(V,Y) - (Vyh)(X,Y) + h(A v ,X) + h(h(V,X),Y) , (37) 
er(s) er(T-L) 

where 

(VxA)(y, y) = v^(i(v, y)) - h(v x v, y) - i(y, v*y). (38) 

From d2Hl and flUTJ) it follows that 

R 2 (X,V)Y = R(X,V)Y (39) 

and 

R 3 (X, V)Y = (V x h)(V, Y) - (V v h)(X, Y) + h(A v , X) + h(h(V, X),Y) (40) 
for all X,Y G T(S) and V G T(Tr). 

From (|35|) and (|39|) it follows that the curvature tensor R* can be found as follows 

R(W 1 ,W 2 )X = pv s (R 1 (W 1 , W 2 )X + R 2 (W 1 , W 2 )X) for all W u W 2 G T(TM),X G T(S), (41) 
where pr s is the projection on S with respect to decomposition (fT3*|) . 

Let x G M and M x the lightlike hypersurface through x. From (j4*Tj) it follows that for the 
curvature tensor of connection V on the vector bundle S{TM X ) = S\m x we have 

Rm x = Ri\t{tm x )xt{tm x )xt{S{tm x ))- (42) 
12 



From (jlljl it follows that for the curvature tensor of M x we have 

Rm x = (Rl + R2)\t{TM x )xT(TM x )xT{TM x )- (43) 

This shows that the curvature tensors R\ and R 2 at a point x G M depend only on the lightlike 
hypersurface through x, while the curvature tensor R 3 depends on the links between different 
hypersurfaces. 

For U G r(T ± ) and V, V 1 G T(Tr) we have 



R(U, V)V X = VuVyV, - V V V U V 1 - Vpy^ 



1 Vu{-A Vl V+ V* V K) - V v {-A Vl U+ vyv-,) + A Vl ([U, V]) - V\ uy] Vx 

iI ?P -VuA Vl V - A vtyVl U + V^V^i + V v A Vl U + A^V 
- V^V^i + A Vl (VuV - V V U) - V\ vy] Vx 

i?(£7, VO^i - Vt/AviF - A Vi y) - A V * V JJ + V v A Vl [/ + ft,(V, A Vl U) 



where 



and 



+ A v[fVl V + A Vl V\jV - A Vl V v U 

R\U, V^- jVuA^V + (VyAj^ - MJJ, A Vl V) + fe(V, AVO , 
er(Tr) er(5) er(T x ) 



(VaA)vi V = V v A Vl V - A v * Vl V - AvXuV 



(V v A) Vl U = V v A Vl U - A KVl U- A Vl V v U. 
From (j31|) it follows that 

R 5 (U,V)Vx = (VvA) Vl U-(V u A) Vl V. (44) 
Using flU and fl2H we obtain 

Ri{U, V)U X =R {U, V)Ux and R 5 (X, V)U = R (X, V)U. (45) 
From (j2Zj) it follows that 

R(X,Y) = 0. (46) 

From (pToj) and (J41jJ) we obtain 

k\w 1 ,W 2 )U = R a {Wx,W 2 ) U + R 5 (W u W 2 )U (47) 
for all Wx,W 2 E r(TM) and [/ G r(T x ). 
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6 Types of holonomy algebras 



Let \)oi x be the holonomy algebra of M at a point x G M. We suppose that \)o\ x is weakly 
irreducible. In this section we give a criterion how to find the type of the holonomy algebra in 
terms of our global operators. 

From section equations (J47j) and (J44)) we obtain the following 

Proposition 1 The following conditions are equivalent 

1) i)ol x is of type 2 or 4; 

2) i?4 = i?5 = 0,' 

3) R =0, i.e. the connection V is flat; 

4) #4 = and (V v A) Vl U - (VuA) Vl V = for all U G r(T x ) ; V, V x G T(Tr). 

In the following proposition we use the vector bundle Hom(so(S'), R) over M such that Hom(so(S'). 
Hom(so(S' y ), M) for all y G M. For a curve 7 in M we will denote by r{pf) the parallel transport 
along 7. 

Proposition 2 The holonomy algebra tyol x is of type 3 if and only if the following conditions 
hold 

1. R (U, V) = for all U G T(T X ) and V G T(Tr). 

2. There exists a section <p G r(Hom(so(S'), R)) such that 

* _ 

2.1. R(X y , Yy) G kenp y for all y G M and X y , Y y G S y . 

2.2. R (V,X) = <p(R(V,X)) ■ id r(T ±) for all X G T(S) and V G T(Tr). 

_ * 

2.3. There exist y G M ; X y G 5 y and G Tr y such that R y (V y) X y ) ^ ker 

S.^. For an?/ y G M and an?/ curve 7 : [a, 6] — » M witt 7(a) = x and 7(6) = y we have 

(fy(Ry(Vy, Xy)) = (f x fo^ Q T (7) _1 O (Vy , X„) O T (7) | Sm ) fOT all Xy G Sy,Vy G 2Yy. 

Proof. Suppose that f)ol x . is of type 3. Since the holonomy algebras at different points of M 
are isomorphic, for any y G M we have i)ol y = fjol 3 '^' 1 ^, where \) y C so(S y ) and ^ : t) y — > R is 
a linear map. From this, f!23D and (|45jl follows the first statement of the proposition. We have 
50(5^) = t) y © f)y , where f)^- is the orthogonal complement to f) y with respect to the Cartan- 
Killing form on so(S y ). Extend tp y to <p y : S0(S y ) — > R by setting v 3 ?/!^ = 0. This gives a 
section G r(Hom(so(S), R)). Statements 2.1 and 2.2 follow from flU, ®, flUJ) and iffijj) . 
Suppose that 2.3 does not hold, then from statement 1, (J43J) and proposition [TJ it follows that 
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the holonomy algebra of M is of type 2 or 4, i.e. we obtain a contradiction. Let y G M and let 
7 : [a, b] — > M be a curve with 7(a) = x and 7(6) = y. For any Wi, W 2 G T X M consider the 
operator 

ir(Wk, W 2 ) = r( 7 )- 1 o ^^(7)^^(7)^)) o r( 7 ) : T.M - T X M. 

From the theorem of Ambrose and Singer it follows that W G T^fjoLj. Let X y G S y , V y G Tr y , 
and let Wi = r^^Vy G T^M, W 2 = T{i)~ x X v G (since S C T and T is parallel). 
We can decompose W\ and W2 as follows W\ = pr T x W\ + pr 5i Wi + Wtt x Wi and W2 = 
pr T x W 2 + pr Sa; W2. From section 0] it follows that 

W 2 )\ Td . = Rj(w Trx W 1 , WSx W 2 )\ T x 

= <p x {Rl {w Trx Wi , pr Sx W 2 ))- id T x = <p s (pr Sx oRl{W x , W 2 ) | S J • id T ± . (48) 

From section |3] it follows that the components of any abstract curvature tensor R G TZ(t)ol x ) 
can be obtained by applying to R some restrictions and projections. We have 

^(pr s- ofi^Wi, W 2 )\ Sx ) = <p x {pr Sx oR?{W x , W 2 )\ Sx ) 

= ^ x { WSx or^y 1 o Ry(V y ,X y )) o r( 7 )k) = ? x (w Sx ^(T)" 1 o Ry2(V y ,X y )) o r ( 7 )k) (49) 
and 

iq(W 1 ,W 2 )\ T ±=IT'(W U W 2 )\ T ± 

= r( 7 )- x o i^,JQ o r( 7 )| T x = r( 7 )- x o R y4 (V y , X y ) o r( 7 )| r x. 

Since r(7)T^ C T^, the last equality shows that Rj(Wi, W 2 )\t± and Ry^Vy, X y )\ T ± act on T x 
and T^, respectively, as the multiplication on the same real number. Since R y4 (V y , X y )\ T ± = 
<Py(Ry2(Vy, X y )) ■ id T ± , we see that 

K{W 1 ,W 2 )\ T i = <p v (R0(y Vl X v ))-id T i. (50) 
Now statement 2.3 follows from (gHD, flU, and (jggjl . 

Let us prove the inverse. From (j2HJ), and proposition [T] it follows that f)ol x is of type 1 
or 3. By the Ambrose and Singer theorem, the vector space t)ol x is spanned by the elements 
R?(W\, W 2 ), where Wi, W 2 G T X M and 7 is a curve in M with the beginning at the point x. 
To show that §oi x is not of type 1, we must prove the claim that if for some natural number k, 
OLi G E, W u , W 2i G T X M and curves 7,, where 1 < % < k, holds J2i=i otiW^Wu, W 2i )\ T ± ^ 0, 
then Y^i=i a iV T s x °R li {Wii.,W 2 i)\s x 7^ 0. From section |U and statement 1 it follows that if for 
some i holds R li {yVu : W 2 i)\ T i. 7^ 0, then Wu = Vi G Tr x and W 2i = Xi G S x (or vice verse). 
As above we can show that from statement 2.4 it follows that 

i^(K,xOb = Mp*s x °R 7i {Wii,w 2i )\ Sx ). 
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This proves the claim and the proposition. □ 

For any two sub-distributions Si, S2 C S denote by Hom(so(5i), S2 ) the vector bundle over M 
such that Hom(so(5i), S2) y = Hom(so(S f i y ), S2 y ) for all y G M. 

Proposition 3 The holonomy algebra t)ol x is of type 4 if and only if it is of type 2 or of type 
4 (see proposition^ and the following conditions hold 

_L 

1. There exist two parallel sub- distributions Si, S2 C S such that S = Si ©£2 and the induced 
connection in S 2 is flat. 

2. There exists a section if) G r(Hom(so(Si), S2)) su °h that 

* _ 

2.1. R(X y , Yy) G keripy for all y G M and X y , Y y G S y . 

2.2. R 3 (V,Y)\s 2 = andR 3 (V,X)Y = g(if)(R(V, X)),Y)U for all X G r(5i), Y G T(S 2 ), 
U G T(T ± ) and V G T(Tr) such that g(U, V) = 1. 

2.3. For any y G M and any curve 7 : [a, b] — > M with 7(a) = x and 7(6) = y we have 

/or all X y G Siy, y, G S^, and G Tr y . 

The proof of proposition |3] is similar to the proof of proposition EJ 
Note that the statement 1 is equivalent to 

R(Wi, W 2 )T(Si) C T(Si) and R(Wi, W 2 )\r(s 2 ) = for all W h W 2 G Y{T X M). 

Using (|40p. we can rewrite statement 2.2 in terms of A, ft, and V. 



Example 1. Consider the case when (M,g) has an Abelian holonomy. It is known (see 
that locally there exist coordinates + such that the metric g has the form 



g = 2dx°dx n+1 + ^(dx 1 ) 2 + / • (dx n+l ) 



\<i.i 1 ••••J ■ \ 

i=i 

where / is a function of x , x n , x n+1 . The nonzero Christoffel symbols are the following 

1 df 



r° 

1 n+ln+l 

r 



2 dx n+1 ' 

r o ±3/. 

2 do*' 
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where 1 < % < n. 

We see that for all x from this coordinate neighborhood we have = M.{-^) x and we choose 
S x = S pan((^ r ) a; , {^) x ). Then Tr x = RN X , where N = -\f^ + 

Since for 1 < i, j < n holds V a jtt = V a ^ = 0, we have 

V a — = V s — = and /i — , — - = hi — -r, — = 0. 



9x« 9x J a? 1 cte- 7 \ dx % ' Sx- 7 / V <9x° ' cte- 7 

For 1 < j < n we have V N -£j = ^§£j-£o, hence 

* d * / d \ 1 df d 

V N — — and h I N, 



dxi \ (If J 2 <).r-i dx° 

Furthermore, 

v n = v ( 1 f 9 i 9 i df d i df d Aia/a 

^ H/^tt+^J+t) 1 2 J ax° ; 2 &r™ +l 3x° 2 <9x™ +i ax° ^ 2 9^ 

^ 2 dx* ' 

i=i 

ft *r ft / 1 x <9 ^ x 1 <9/ <9 1 9/ d 



9^ 2 dx° dx n+1 2 dx l <9x° 2 <9x* 9x° 

and 



V a iV = 0. 



Hence, V^iV = for all W e T(TM), 



d d n 1 <9f 9 

^^^^^^^^ " 



<9x° 9x l ' ^-^ 2 9x l 9x l 

i=i 

Let x G M be a point of this coordinate neighborhood and M x be the lightlike hypersurface 
through x. Then for the shape operator and the second fundamental form of M x we have 

A = and h = 

respectively. 

For the curvature tensors we have 

* d d 1 d 2 f d 

R 1 = R 2 = R = 0;md R 3 {t^, N)- 



<9x*' dxi 2 dx l dx 3 ' dx° 
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